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I N T R O D U C T I O N

Modeling Transportation Networks

Graphs often model transportation networks: edges carry traffic, nodes act as “switches” passing traffic between edges. The traffic may be oil, 
water, electricity, phone calls, emails, or vehicles.

Highways

Edges = highways, nodes = interchanges

Computer networks

Edges = links carrying packets, nodes = switches

Fluid networks

Edges = pipes, nodes = junctures where pipes 
connect

Three ingredients of a flow network

Capacities on edges  •  Source nodes that generate traffic  •  The traffic transmitted across edges

Matching (studied earlier) is a special case of the flow problem: match flow with edge capacity so overall flow is maximum.
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D E F I N I T I O N S

Flow Network

A flow network G = (V, E)

▪ A directed graph with two special nodes: a single source s  V and ∈
single sink t  V.∈

▪ A capacity function c : V × V →  mapping edges to positive real ℝ
numbers.

▪ Assumptions: no edge enters s, no edge leaves t, and every node has 
at least one incident edge.

Figure: A flow network, capacities marked on edges
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D E F I N I T I O N S

Flow Function and Its Constraints

Flow. An s-t flow is a function f : V × V → . The value f(u, v) is the amount of flow on edge (u, v).ℝ

Capacity constraint

For all u, v  V:  0 ≤ f(u, v) ≤ c(u, v)∈

Skew symmetry

For edge e = (u, v):  f(u, v) = −f(v, u)

Flow conservation

For all u  V − {s, t}: inflow to u equals ∈
outflow from u

VA LU E  O F  T H E  F LOW

|f|  =  V f(s, v)Σᵥ∈

The maximum-flow problem: find a flow satisfying these constraints that maximizes |f| from s.
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W O R K E D  E X A M P L E

Capacities vs. an Actual Flow

(a) capacities c(u,v) on each edge.   (b) a flow with |f| = 19, each edge labeled f(u,v)/c(u,v).
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C U T S

s-t Cuts and Their Capacity

Suppose we divide the nodes into two sets S and T, with s  S and t  T. Any flow from s to t must cross from S into T at some point — using some of ∈ ∈
the capacity between S and T.

Definition — Cut
An s-t cut partitions V into S and T = V − S, with s  S and t  T. The set of edges from S to T is the cut-set.∈ ∈

NET FLOW ACROSS THE CUT

f(S, T)  =  S T f(x, y)Σₓ∈ Σᵧ∈

CAPACITY OF THE CUT

c(S, T)  =  S T c(x, y)Σₓ∈ Σᵧ∈

The net flow across any s-t cut equals the flow value |f|; by the capacity constraint, flow never exceeds cut capacity — so max flow ≤ min cut capacity.
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K E Y  R E S U LT

The Max-Flow Min-Cut Theorem

If f* is a maximum flow, then there exists some cut (X, X̅) such that:

| f* |  =  c(X, )X̅

The value of the maximum flow equals the capacity of the minimum s-t cut — the two numbers are exactly equal, not just bounded.

This is why finding minimum cut capacity in a flow network is the key to finding maximum flow — the algorithms that follow exploit exactly this 
equivalence.
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C O R E  T E C H N I Q U E

Residual Networks: Key Definitions

Residual capacity

c (u, v) = c(u, v) − f(u, v) — additional flow that can ′
be pushed from u to v.

Saturated edge

Edge (u, v) with c(u, v) = f(u, v), so c (u, v) = 0.′

Residual graph Gₐ(f)

Vertex set V, source s, sink t, and edges (u, v) with c′
(u, v) > 0.

Augmenting path

Any path for f in the residual graph Gₐ(f).

Residual capacity of a path

c (P) = min c (u, v) over all edges (u, v) in P — flow ′ ′
can increase by this much.

Blocking flow

A flow where every s-t path in G contains a saturated 
edge (also called maximal flow).

Advanced Algorithms  ·  Lecture 2  ·  Graph Algorithms (Network Flows) 08



C O R E  T E C H N I Q U E

From Residual Graphs to Blocking Flows

Lemma
Let f be any flow and f* a maximum flow in G, with residual graph Gᵣ(f). The value of a maximum flow in Gᵣ(f) is |f*| − |f|.

Most flow algorithms augment in stages: build Gᵣ(f), find an augmenting path, increase flow until saturation, repeat until no augmenting path remains.

D I N I T Z ’ S  A LG O R I T H M

Starts with zero flow and iteratively augments with a blocking flow in Gᵣ(f), until t is unreachable from s. Each iteration increases the shortest s-t 
distance in the residual graph, bounding the algorithm to at most |V| − 1 iterations.

Advanced Algorithms  ·  Lecture 2  ·  Graph Algorithms (Network Flows) 09



T H E  M E T H O D

Ford–Fulkerson Algorithm

Depends on three ideas: residual networks, augmenting paths, and cuts. We start with f(u, v) = 0 everywhere, and repeatedly augment along a path in 
the residual network until none remain.

A LG O R I T H M  —  F O R D - F U L K E R S O N ( G ,  s ,  t )

1.  initialize flow, f = 0

2.  w hile there exists an s-t path in the residual netw ork G :r

3.      let p be a sim ple s-t path in Gᵣ

4.      f′ = augm ent(f, p)

5.      update f

6.  return f

The max-flow min-cut theorem guarantees that upon termination, this process yields a maximum flow.
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T H E  M E T H O D

Computing Residual Capacity

c′(u, v)  =

c(u, v) − f(u, v) if (u, v)  E∈

f(v, u) if (v, u)  E∈

0 otherwise

Worked example: if c(u,v) = 16 and f(u,v) = 11, we can push c (u,v) = 5 more units on (u,v), and return up to c (v,u) = 11 units from v to u — the reverse ′ ′
residual edge lets an algorithm “undo” flow it already sent.

Because (u, v)  E implies (v, u)  E, exactly one case of the formula applies to each ordered pair of vertices.∈ ∉
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W O R K E D  E X A M P L E

Flow → Residual Graph → Augmented Flow

▪ (a) Flow network G with flow f, labels a/b = 
flow/capacity.

▪ (b) Residual network Gᵣ with augmenting path 
p shaded; c (p) = c (v₂,v₃) = 4.′ ′

▪ (c) Flow in G after augmenting along p by 4; 
edge (v₃,v₂) now carries no flow.

▪ (d) The residual network induced by the new 
flow in (c).
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P R A C T I C E

Exercises

1. Find the maximum flow. 2. List the minimum s-t cuts. 3. Minimum capacity of an s-t cut? 4. Is this max flow? Find the min cut.

Note: in x/y, x is flow and y is capacity; a single value is the flow.

5.  Re-write the Ford–Fulkerson algorithm in your own words and explain its working.
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Disclaimer: these notes have not been subjected to the usual scrutiny reserved for formal publications. They may be distributed outside this class only with the permission of the faculty.
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