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Convex hull algorithms, closest pair, Voronoi diagrams, and line arrangements



I N T R O D U C T I O N

Why Computational Geometry Excites

The excitement of computational geometry comes from a combination of factors: deep connections with classical mathematics and 
theoretical computer science on one hand, and many ties with applications on the other.

Origins

Geometric questions from computer 
graphics, solid modeling, CAD, robotics, and 
computer vision.

Two-way street

Applied areas inspire new problems; 
techniques from computational geometry, 
in turn, prove useful in practice.

Simple, but subtle

Many of the new algorithms are simple and 
practical to implement — it's their analysis 
that needs advanced tools.

This lecture: convex hulls, proximity (closest pair), Voronoi diagrams, and arrangements of lines.
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C O N V E X  H U L L

Defining the Convex Hull

Definition — Convex Hull
The convex hull (or convex envelope) of a set S of points in ᵏ is the smallest ℝ
convex set that contains S.

Representing the hull
▪ Implicit: list only the extreme points.

▪ Explicit: list all extreme d-faces (i-faces) of dimensions d = 0, 1, …, k−1.

▪ d-faces of dimension 0 are points, dimension 1 are lines, dimension 2 are polygon 
panels.

d-faces for d=2 (a pyramid has 4): triangles abd, acd, bdc, abc
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C O N V E X  H U L L

The Rubber-Band Picture, and How to Compute It

Visualize the hull as a rubber band stretched around the point set S

▪ If not all points are collinear, the hull is a convex polygon whose vertices are a 
subset of the input points.

▪ Usually represented as the ordered list of vertices along the boundary 
(clockwise or counter-clockwise).

▪ Complexity of any hull algorithm has two parts: computation part and output 
part.

▪ For n points in 2-D or 3-D, common algorithms: Graham scan, Gift-wrapping, 
and divide-and-conquer.
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C O N V E X  H U L L  A L G O R I T H M S

Graham Scan

1.  Sort the points with respect to an interior point O, the centroid of the first 
three non-linear points: O = ((x₁+x₂+x₃)/3, (y₁+y₂+y₃)/3). Sort every point by its 
angle from O.

2.  Connect the sorted points into a star-shaped polygon P centered at O.

3.  Linear-scan the sorted points to compute the convex hull of P.

Running time: O(n log n) — dominated by sorting. Only the farthest points at each angle are kept, preserving convexity.
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C O N V E X  H U L L  A L G O R I T H M S

Gift Wrapping

Start from the point O with the smallest y-coordinate (known to be on the 
hull), and sweep a half-plane to find the next vertex v₁. March to v₁, repeat to 
find v₂, and so on — like wrapping the point set with rope — until O is reached 
again.

Finding each next vertex takes time proportional to the points remaining, so 
total time is O(n ), where  is the number of hull vertices — more efficient ℱ ℱ
than Graham scan when the hull is small.

Theorem

The convex hull of n points in ᵏ (k=2 or 3) can be computed in O(n log ) time, ℝ ℱ
where  is the number of i-faces.ℱ

At each hull vertex the exterior angle αᵢ ≥ 180°
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P R O X I M I T Y

The Closest-Pair Problem

Proximity problems ask how close two geometric entities are — e.g., clustering similar features, or finding the two closest aircraft (highest 
collision risk).

Given a set S of n points in ᵏ, find pᵢ, p   S minimizing the Euclidean distance d(pᵢ, p ).ℝ ⱼ ∈ ⱼ

Brute force

O(k·n²) — compute all O(n²) pairwise distances 
and take the minimum.

1-D case (k=1)

Sort the points, then scan consecutively: O(n 
log n), and this is optimal (Ω(n log n) lower 
bound).

k ≥ 2

No total ordering exists for points, so sorting 
alone doesn’t work — but divide-and-conquer 
still achieves O(n log n).
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P R O X I M I T Y

Closest Pair by Divide-and-Conquer (k = 2)

▪ Split S by a vertical line 𝒡 into S₁, S₂ with |S₁| = |S₂| = n/2; let δᵢ be the closest-pair distance within Sᵢ.

▪ The overall closest pair is either within one half (δ₁ or δ₂), or straddles 𝒡 within δ = min(δ₁,δ₂) of it — candidates must lie in the strip of width 2δ.
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V O R O N O I  D I A G R A M S

Partitioning the Plane by Proximity

Definition
For sites S = {s₁,…,s } in ᵏ, the Voronoi diagram (S) partitions ᵏ into Voronoi ₙ ℝ 𝒱 ℝ
cells V(sᵢ), each containing points closer to sᵢ than to any other site:

V(s ) = {x   | d(x,s ) ≤ d(x,s )  j≠i}ᵢ ∈ ℝᵏ ᵢ ⱼ ∀

Also called: Voronoi tessellation, Voronoi decomposition, Voronoi partition, or 
Dirichlet tessellation (after Peter Gustav Lejeune Dirichlet). Named for Georgy 
Voronoi.

In 2-D, (S) is a planar graph of size linear in |S|. For k ≥ 2, the number of d-faces (d = 𝒱
0,…,k−1) is O(n d/2 ).⌈ ⌉

(a) Voronoi diagram of 16 sites.  (b) its dual: the Delaunay triangulation.
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V O R O N O I  D I A G R A M S

Construction, and a Worked Illustration

Connection to the closest-pair problem

The closest pair in S can be found in linear time once (S) is computed: that pair must be adjacent in the Delaunay triangulation, so it suffices to 𝒱
scan adjacent point pairs and report the smallest distance.

ILLUSTRATION — CHOOSING A SHOP

Consider shops in a city; with price, products, and quality equal, customers choose the nearest shop. The Voronoi cell R  of shop P  gives a rough ₖ ₖ
estimate of its potential customer base.

Distance is typically Euclidean:   l  = d[(a ,a ),(b ,b )] = √[(a −b )² + (a −b )²]₂ ₁ ₂ ₁ ₂ ₁ ₁ ₂ ₂

Advanced Algorithms  ·  Lecture 4  ·  Geometric Algorithms (Convex Hull, Voronoi Diagrams) 10



V O R O N O I  D I A G R A M S

Applications

Astrophysics

Generate adaptive smoothing zones on images, 
distributing signal flux across each zone.

Epidemiology

Correlate infection sources — famously, mapping 
cholera deaths near London water pumps.

Nearest-neighbor search

A point-location structure atop the diagram 
answers queries like “nearest hospital,” used in 
vector quantization / data compression.

Hydrology

Estimate area rainfall from a series of point (gauge) 
measurements.

Ecology

Study forest and canopy growth patterns, and 
build predictive models for forest fires.
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A R R A N G E M E N T S

Line Arrangements: Vertices, Edges, Faces

Given n straight lines on the plane, how do they partition it, and how do the pieces fit 
together? An arrangement consists of 0-D cells (vertices), 1-D cells (edges), and 2-D cells 
(regions / faces).

Assuming “general position” (no 2 lines parallel, no 3 concurrent), for n lines:

Vertices ⁿC₂ every pair of lines meets once

Edges ⁿC₂ each line is chopped into n edges by the rest

Faces ⁿC  + n + 1₂ each vertex bottoms one face, plus n+1 unbounded 
faces below

A simple line arrangement

Advanced Algorithms  ·  Lecture 4  ·  Geometric Algorithms (Convex Hull, Voronoi Diagrams) 12



A R R A N G E M E N T S

Three Types of Equivalence Classes

For a set A of lines, define p ~ q if, for every line l  A, p and q are both on l or both in the same open half-plane bounded by l. The equivalence classes ∈
are:

1
Cells

Interiors of bounded or unbounded convex 
polygons — connected components not on 
any line of A.

2
Edges

Open line segments and open infinite rays — 
points of one line not shared with any other 
line in A.

3
Vertices

Single points — the intersections of two or 
more lines of A.

These three object types link into a cell complex covering the plane. Two arrangements are isomorphic if there’s a one-to-one adjacency-preserving correspondence between their cell 
complexes.
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P R A C T I C E

Exercises

1 Define convex hull. Is it possible to have a convex hull in two-dimensional space? Can it exist in k-dimensional space ᵏ, where k > 2? Justify your ℝ
answer.

2 What are the different algorithms to find the convex hull in Euclidean space ᵏ for k=2, given |S| = n points? Write the steps for each and compute ℝ
time complexity.

3 What is meant by proximity in a set of n points in ᵏ for k=2? What are the applications of computing proximity?ℝ

4 Explain Voronoi diagrams and discuss their applications.
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Disclaimer: these notes have not been subjected to the usual scrutiny reserved for formal publications. They may be distributed outside this class only with the permission of the faculty.
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