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COST MODELS

Modeling Computation by Work and Depth

An alternative to multiprocessor models: focus on the algorithm itself. In the work-depth approach, cost is determined by the total number of
operations performed and the dependencies among them.

Work (W) Depth (D)

The total number of operations the algorithm The longest chain of dependencies among

Parallelism (P)

P=W /D — how much of the work can, in

performs. those operations. principle, run simultaneously.

W-D models are more abstract than multiprocessor models — they hide machine-dependent details. Algorithms efficient in the w-d model can be
translated to multiprocessor models, and from there to real parallel computers. There are three types:

Circuit models e Vector machine models e Language-based models
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WORK-DEPTH MODELS

The Circuit Model

The most abstract w-d model

® An algorithm is a family of directed acyclic circuits — one circuit

per possible input size. Depth Work
® Each node is a basic operation (e.g. addition): 2+ inputs, 1+ 1 8
outputs.
® Work = total number of nodes (the circuit’s size). 1 4
® Depth = longest directed path between any two nodes.
1 2
1 1
Total = 4 Total =15

For n inputs (n a power of 2): W(n) =n-1, D(n) = log.

n

Adding 16 numbers: work = 15, depth = 4
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WORK-DEPTH MODELS

The Vector Model

An algorithm is a sequence of steps, each performing one operation on a vector of input values and producing a vector result. The work of a step
equals the length of its input/output vector; the algorithm’s work is the sum of its steps’ work. Depth is the number of vector steps.

WORKED EXAMPLE — ELEMENTWISE VECTOR MULTIPLY

Given A = (Ay,...,An), B = (By,...,Bn), compute C = (Cy,...,Cn) where C; = A; x B;.

Depth Parallelism

| n/l=n

This is one vector step — a single “x” applied across the whole input — giving maximum parallelism n.
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WORK-DEPTH MODELS

Language Model & Assigning Cost

Language Model
A work-depth cost is associated with each programming-language
construct. For example:

® Work of calling two functions in parallel = sum of their individual
work.

® Depth of calling two functions in parallel = max of their individual
depths.

Work-efficient

A parallel algorithm is work-efficient if, asymptotically, it needs at most
a constant factor more work than the best known sequential algorithm.

Advanced Algorithms - Lecture 6 - Parallel Algorithms

ON MULTIPROCESSOR MODELS

W = (number of processors) x (time to complete)

D = total time required to execute the algorithm

Depth matters when completion time is critical — a weather forecast is
useless if it finishes after the weather does.

Usually, work is the more important cost measure: computer cost is roughly
proportional to processor count, so total cost of a computation is roughly
proportional to processors x time — i.e., the work.
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DESIGNING PARALLEL ALGORITHMS

Structure and the SIMD-Style Approach

Many parallel algorithms mirror sequential structure: input/initialization, computation, then output/termination. The differences show up within each
phase — especially the computational phase.

Worked example — average filtering on a torus

An nxn array A stored on an nxn torus, A(i,j) on processor P;,;. To replace each value with the average of itself and its 4 neighbors: shift the array right,
left, up, and down by one position, and have each processor average the 5 values it now holds.

Fine-grained Medium/coarse-grained

One (or few) data items per processor; a purely parallel algorithm handles
the operation directly.

A PxP torus (P divides n): each processor runs an efficient serial algorithm
on its block, exchanging only boundary rows/columns with neighbors.
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GLOBAL OPERATIONS

Broadcast, Reduction, and Shift

To manipulate entire structures in one step, we use a small set of widely-useful global operations — often problem-independent, and typically
available in highly optimized implementations.

Broadcast Reduction / Report Shift

Send data from one processor to all others. A Apply a commutative, associative operator ® Move array data by a fixed offset across
subset-based variant broadcasts within every (min, max, or, and, sum, product,...) across n processors — e.g. shifting a matrix right, left,
predetermined, distinct subset of processors values V(1)...V(n). If the result is also broadcast up, and down to gather neighbor values.
simultaneously. back to all processors, it's called report.
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GLOBAL OPERATIONS

Sort, Merge, and Associative Read /Write

Sort Given X = {Xo,...,Xn-1} distributed arbitrarily across p processors, rearrange so elements are ordered with respect to processor
order — the first [ n/p] elements land in processor 1, the next batch in processor 2, and so on.

Merge Given ordered sets D, D, distributed across disjoint processor sets P,, P,, combine them into a single sorted set stored (in
order) across P =P, U P,.

Associative read/write Master records indexed by keys. Read: a processor supplies a key, gets back the record or a not-found flag. Write: a processor
supplies a key/value; matching records are updated by applying @ to all values sent.

Advanced Algorithms - Lecture 6 - Parallel Algorithms 08



PARALLEL ALGORITHM TECHNIQUES

Divide-and-Conquer: Parallel Mergesort

Split the problem into independent subproblems, solve recursively (possibly in parallel), then merge. Mergesort splits n keys into two halves of n/2,
recursively sorts each, and merges the sorted halves.

ALGORITHM — MERGESORT(A) Recurrence

if JA| =1)then retum A

else T(n) =2T(n/2) + O(n), n>1
T(n) = O(n), n=1

I paraleldo
L =M ERGESORTAO .. |A|/2))

R =MERGESORTAT[[A[2+1 .. |A[])
retum M ERGE(,R)

Solution: T(n) = 0(n log n)

Not designed as a parallel algorithm, but mergesort has inherent parallelism —
its two recursive calls can run in parallel.
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PARALLEL ALGORITHM TECHNIQUES

Searching a Sorted Array

Sequential binary search

After sorting (O(n log n) worst case) and storing in an array, binary search compares the key against the middle element and recurses on the correct
half. This takes at most Un = [log,(n+1) ] comparisons — optimal for the RAM comparison model, in both worst and average case.

THE QUESTION FOR THIS LECTURE

Suppose we now have p processors sharing memory — a PRAM. Can binary search be sped up?

First we must fix how concurrent memory access works. The most common choice is CREW — concurrent read, exclusive write — since it’s otherwise
hard to know a cell’s final value after concurrent writes.
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PARALLEL BINARY SEARCH

The CREW PRAM Algorithm

1. Divide the sorted set into p+1 segments, giving p internal boundaries.

2. In parallel: processor i compares the key to the element at boundary i, writing c; = 0 (key is greater) or c; = 1 (key is smaller); ties end the search.
3. There is an index j with ¢j= 0 and cj., = 1 (taking c,=0, cp.,=1) — that’s the segment containing the key.
4

. In parallel: processor i compares ¢; and c;.,; where they differ, it writes the new boundaries — search continues recursively on the smaller segment.

0 1 2 i i+1 D

c=0 c=0 c=0 c=1 c=1

New segment, size n / (p+1)

Between boundaries i and i+1, the same partition-and-compare step repeats — recursively
narrowing until the segment has size < p.
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PARALLEL BINARY SEARCH

Complexity and the Speedup Limit

Worst-case parallel comparisons:

Un=1+Uv/p+1y = Un=logp+1n + 0(p) =0(ogn /log(p+1))

For p = 1, this reduces to the ordinary binary-search bound, as expected.

Total work EREW restriction
p % log n/ log p, which is larger than log n — searching a sorted set With exclusive reads too, Un = O(log n - log p) — even worse:
cannot be done with optimal speedup. processors that can’t read the new segment concurrently slow every

process down.

Optimal speedup in the PRAM model means p processors do p times the work of the best sequential algorithm — that bar is not met here.



PRACTICE

Exercises

What do you understand by the work and depth of a parallel algorithm? How are these computed for
multiprocessor systems?

What are the criteria for designing a parallel algorithm? Which stages/operations are retained from
sequential algorithms, and which aren’t?

Find the work, depth, and parallelism in the work-depth models shown below, (a)-(d).

Construct a work-depth model structure such that work is maximum and depth is minimum.

Construct a work-depth model structure such that depth is maximum and work is minimum.

What are the commonly used global operations in parallel algorithms? How are they implemented? Explain
each in detail.

Work-depth models (a)-(d), for exercise 3
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CLOSING
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Disclaimer: these notes have not been subjected to the usual scrutiny reserved for formal publications. They may be distributed outside this class only with the permission of the faculty.
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