
Elements of Gate Logis

0.1 Introdution

The instrutions and data are in binary, i.e., {1, 0} format. The binary

Levels in logis, for example, in TTL are: 0-0.8 volts for logi 0 (false),

and 2.0-5.0 volts for logi 1 (true). Other logis are ECL, DTL, RTL,

et.

A CPU identi�es a binary string as Data or Instrutions, with ref-

erene to start loation in the memory, whih is instrution, and other

instrutions are in onseutive loations, advaned by the size of the in-

strutions. The data loations' addresses are spei�ed as part of the

instrutions.

A minimum iruit to store a bit (0 / 1) is alled memory ell. A

single memory ell is a Flip-�op or Bipolar Transistor-pair, where one

transistor is always in saturation and other in uto�. The �gure 1 shows

a single memory ell made of two bipolar transistors and other register

omponents.

Figure 1: Single ell to store 1 or 0.
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0.2 Logi Gates

The basi gates are : AND gate, OR gate and NOT gate. The universal

gates are NAND and NOR gates. Figure 2 shows the various gates, and

iruits made of gates.
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Figure 2: Basi Logi Gates.

The �gure 3 show a two-input diode-transistor logi gate. If any of

the inputs A or B is true (high), it will forward bias the transistor, and

the output is false (low). When both the inputs are low, the transistor is

reversed bias, and output is high. This gives the nor operation.

Figure 3: Two input DTL NOR Gate.

The TTL is a NAND operation is shown in �gure 4. When all the

inputs are held at high voltage, the base�emitter juntions of the multiple-

emitter transistor are reverse-biased. A small �olletor� urrent (approx-

imately 10µA) is drawn by eah of the inputs. An approximately onstant

urrent �ows from the positive supply, through the resistor and into the
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base of the multiple emitter transistor. This urrent passes through the

base-emitter juntion of the output transistor, allowing it to ondut and

pulling the output voltage low (logial zero).

For an input of logial zero, the base-olletor juntion of the multiple-

emitter transistor and the base-emitter juntion of the output transistor

are in series between power supply and ground. If one input voltage

beomes zero, the orresponding base-emitter juntion of the multiple-

emitter transistor is in parallel with these two juntions. A phenomenon

alled urrent steering means that when two voltage-stable elements with

di�erent threshold voltages are onneted in parallel, the urrent �ows

through the path with the smaller threshold voltage. As a result, no

urrent �ows through the base of the output transistor, ausing it to stop

onduting and the output voltage beomes high (logial one). During

the transition the input transistor is brie�y in its ative region; so it

draws a large urrent away from the base of the output transistor and

thus quikly disharges its base. This is a ritial advantage of TTL over

DTL that speeds up the transition over a diode input struture.

However, this simple TTL iruit has disadvantages also, whih an

be improved by adding two more transistors and and diode, to improve

its output resistane.

Figure 4: Two input TTL NAND Gate.

The number of onnetions from a gate, whih an be taken is alled

fan-out, similarly the fan-in is de�ned. Hene,

Fan-In: The maximum number of gates whih an be onneted input

to a gate.

Fan-Out: The maximum number of gates whih an be onneted at

the output of a gate.

0.3 Simple Boolean Logi Ciruits

The entire omputer system is made of using these basi gates, alled

Combinational Ciruits. The ombinational iruits have no memory
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element. Figure 5 shows a simple ombinational iruit.
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Figure 5: Adder Ciruits.

In ontrast to ombinational iruits, the sequential iruit's output is

a funtion of urrent input and previous input, hene the output depends

on past history also.

0.4 Standard forms of expressions

We an write the boolean expressions in many ways, but some ways are

more useful than others.

A sum of produts (SOP) expression ontains: Only OR (sum) oper-

ations at the �outer-most� level, eah term that is summed must be a

produt of literals. For example, f(x, y, z) = y′ + x′yz′ + xz is a SOP

expression. The advantage is that any sum of produts expression an be

implemented using a two-level iruit. In the expression, The literals and

their omplements at the �0th� level, AND gates at the �rst level, and a

single OR gate at the seond level.

AMinterms is a speial produt of literals, in whih eah input vari-

able appears exatly one. A funtion with n variables has 2n minterms

(sine eah variable may also appear omplemented). A three-variable

funtion, suh as f(x, y, z), has 23 = 8 minterms. For example,

x′y′z′, x′y′z, x′yz′, x′yz,

xy′z′, xy′z, xyz′, xyz

is a minterm. This an be represented in short form as

(m0,m1,m2,m3,m4,m5,m6,m7).
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f(X, Y, Z)

Y’ X’YZ’ X Z

Figure 6: Sum of Produt

The minterm mi assumes a value 1 for unique value of variables.

A Produt of sums expression ontains only AND (produt) opera-

tions at the �outermost� level, and eah term must be a sum of literals.

A Produt of sums expressions an be implemented with two-level ir-

uits: literals and their omplements at the �0th� level, and OR gates

at the �rst level, a single AND gate at the seond level. For example,

f(x, y, z) = y′(x′ + y + z′)(x + z) is a SOP expression.

A Maxterms is a sum of literals , in whih eah input variable ap-

pears exatly one. A funtion with n variables has 2n maxterms. Eah

maxterm is false for exatly one ombination of inputs. A maxterm for

a three-variable funtion f(x, y, z) is

(x′ + y′ + z′)...(x+ y + z)

or

(M0, ...,M7).

Note that, maxterm de�nes the 0s in the truth table.

Produt of maxterms: If you have a truth table for a funtion, you

an write a produt of maxterms expression by piking out the rows of

the table where the funtion output is 0 (be areful if you are writing the

atual literals!)
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Table 1: Boolean funtion's table.

x y z f(x, y, z) f ′(x, y, z)
0 0 0 1 0

0 0 1 1 0

0 1 0 1 0

0 1 1 1 0

1 0 0 0 1

1 0 1 0 1

1 1 0 1 0

1 1 1 0 1

0.4.1 Maxterms

Consider the table 1 for boolean funtion, whose expressions are given in

the last two olumns as well as the funtion values.

f = (x′ + y + z)(x′ + y + z′)(x′ + y′ + z′)

= M4M5M7

= ΠM(4, 5, 7)

f ′ = (x+ y + z)(x+ y + z′)(x+ y′ + z)(x+ y′ + z′)(x′ + y′ + z)

= M0M1M2M3M6

= ΠM(0, 1, 2, 3, 6)

0.4.2 Conversion between standard forms

The minterms an be onverted into maxterms and vie-versa using De-

Morgan's laws. Considering maxterms' expression as

f ′ = ΠM(0, 1, 2, 3, 6)

= M0M1M2M3M6

(f ′)′ = (M0M1M2M3M6)
′

f = (M ′

0
+M ′

1
+M ′

2
+M ′

3
+M ′

6
)

= (m4m5m7)

= Σm(4, 5, 7)
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That means, given the maxterms, list all the maxterms whih an be

reated with those many variables, eliminate the maxterms from these

whih are already existing, and from the remaining, omplement the vari-

ables from eah, and join them as minterms.

In the similar way, the minterms an be onverted into maxterms.

0.5 Combinational Ciruits

The iruits, like, Adders, Subtrators, Multipliers, Dividers, Multiplex-

ers, Demultiplexers, whose output depends on urrent input, are alled

ombinational iruits. The �gure 7 shows some of the ombinational

iruits. Half adder adds two bits and produes the sum and arry. A

iruits, whih adds two bits and the previous addition's arry is alled

a full-adder. Thus, two add 4-bits you need three full-adders, and one

half-adder for the two least signi�ant bits.

Figure 7: Combinational Ciruits.

The following are the steps for determining the Max and Min terms

expressions for the full adder.

In general, we say,

f(x1, . . . , xn) =
∑

i

( ˙xi1 . . . ˙xin)

where, ˙xij = xij |xij is a SOP.

The produt of sums an be expression by,

f(x1, . . . , xn) =
∏

i

( ˙xi1 + · · ·+ ˙xin).
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The above methods are alled, Quinne-MClusky Method. From the

truth table shown in �gure 7, we have,

S = ĀB̄Ci + ĀBC̄i +AB̄C̄i +ABCi

and,

Co = ĀBCi +AB̄Ci +ABC̄i +ABCi

The general format for Co is,

Co(A,B,Ci) = (m3,m5,m6,m7)

and the sum S is: (A⊕B)⊕ Ci, where (⊕ is ex-or).

S = (ĀB +AB̄)⊕ Ci

= ABCi + ĀB̄Ci + ĀBC̄i +AB̄C̄i

The arry out of full adder, Co = AB +ACi +BCi.

0.6 Karnaugh Map for minimization of Gate

iruits

The karnaugh map is after Maurie Kaurnaugh, Bell Labs, 1950.

K-map minimization using minterms:

Karnaugh Map for Co

Ā

A

B̄C̄i B̄Ci BCi BC̄i

0 0 1 0

0 1 1 1

Co = ACi +AB +BCi

Figure 8: Minimization using Karnaugh maps.

The funtion Co(A,B,Ci) Can be implemented by three AND gates

plus one OR gate. Alternatively by: four gates eah having fan-in 2.

K-map minimization using maxterms:
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0 0 1 0

0 1 1 1

B̄C̄i B̄Ci BCi BC̄i

Ā

A

Figure 9: Minimization using Karnaugh maps.

Co(A,B,Ci) = (A+B)(A + Ci)(B + Ci)

= (A+ACi +AB +BCi)(B + Ci)

= . . .

= AB +BCi +ACi
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