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Decidability Theory &
Decidable Languages
Which questions about languages, grammars, and machines can an algorithm
always answer — and which ones can no algorithm ever answer at all?

Prof. K. R. Chowdhary
Professor of CS



R O A D M A P

What We'll Cover

1
Decidable theories
Th( ,+) turns out to be decidable, even though the richer Th( ,+,×) is not.ℕ ℕ

2
Decidable languages
Reframing questions about DFAs, NFAs, regular expressions, and grammars as language-membership tests.

3
Decidable properties of CFLs
Testing whether a context-free grammar generates a given string, using Chomsky Normal Form.

4
Computable sets
What “computable” means in general, Turing reducibility, and a first look at sets no algorithm can decide.
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1 1 . 1   ·   D E C I D A B L E  T H E O R Y

Decidable and Undecidable Theories

Alonzo Church, building on Kurt Gödel's work, showed that no algorithm can decide in general whether statements about the natural numbers 

are true or false.

T H E  U N D E C I D A B L E  T H E O R Y

( , +, ×) — natural numbers with bothℕ
addition and multiplication.

Th( , +, ×) is undecidable — noℕ
algorithm decides all its statements.

T H E  D E C I D A B L E  T H E O R Y

( , +) — drop the × relation entirely,ℕ
keep only addition.

Th( , +) is decidable — Theorem 11.1ℕ
gives an algorithm for it.

i I N  P L A I N  E N G L I S H

It's a strange and important fact that adding just one more operation — multiplication — can take a theory from perfectly decidable to provably 
undecidable. The rest of this lecture builds up the tools to see exactly why ( , +) stays tame, before later lectures confront problems, like the Halting ℕ
Problem, where no such algorithm can possibly exist.
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1 1 . 1   ·   T H ( , + )ℕ

Why Order Matters: A Quantifier Example

Th( , +) is the set of all true first-order statements about addition on the naturals. Swapping the order of two quantifiers can flip a statement ℕ
from true to false.

TRUE  —  MEMBER OF  Th( ,+ )ℕ

x y [x + x = y]∀ ∃

“For every x, there exists some y with x + x = y.”

Just pick y = x + x each time — always possible, so the statement holds for 
every x.

FALSE   —  NOT A  MEMBER

y x [x + x = y]∃ ∀

“There exists a single y that works for every x.”

No fixed y can equal x + x for every x at once — y would have to grow with 
x.

i I N  P L A I N  E N G L I S H

Same variables, same equation — only the order of  and  changed, and the truth value flipped completely. This is exactly the kind of structure ∀ ∃
Theorem 11.1's algorithm has to process correctly, quantifier by quantifier, from the inside out.
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1 1 . 1   ·   T H ( , + )  I S  D E C I D A B L Eℕ

Theorem 11.1 — Proof Idea

T H E O R E M  1 1 . 1

Th( , +) is decidable.ℕ

Write any sentence φ with its quantifiers stripped off one at a time: φ = 

Q₁x₁Q₂x₂...Q x [ψ], and define φᵢ by removing the first i quantifiers, so φ₀ = φ and ₗ ₗ
φ  = ψ.ₗ

i I N  P L A I N  E N G L I S H

The trick is to build one small automaton per quantifier, from the 
inside out, and let each automaton “absorb” one more quantifier 
than the last. By the time you reach A₀, every quantifier has been 
accounted for, and a single accept/reject check on the empty 
string gives the final answer.

T H E  A L G O R I T H M

1 Build automaton A  directly — it recognizes tuples that make the ₗ
quantifier-free ψ true.

2 For i from l down to 1, build Aᵢ₋₁ from Aᵢ by handling one more 
quantifier (  = union over guesses,  = intersection over guesses).∃ ∀

3 Continue until A₀ is built, which speaks about φ itself — a sentence 
with no free variables.

4 Test whether A₀ accepts the empty string. If it does, φ is true and the 
algorithm accepts.
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1 1 . 2   ·   D E C I D A B L E  L A N G U A G E S

From Theories to Languages

The rest of this lecture shifts focus from theories of arithmetic to a more hands-on question: given an automaton, a regular expression, or a 

grammar, can an algorithm always decide the things we'd want to know about it?

T H E  K E Y  M O V E

Every computational question gets

rephrased as: “is w a member of some

language L?”
Showing L is decidable = showing the

underlying problem is decidable.

i I N  P L A I N  E N G L I S H

This works because we already have a full toolkit for reasoning 
about languages — automata, closure properties, pumping 
lemmas. Reusing that toolkit for algorithmic questions is far easier 
than inventing new machinery from scratch.

A  R U N N I N G  E X A M P L E

Testing whether a CFL generates a string is a parsing algorithm — directly 

relevant to recognizing and compiling programs in a real programming 

language.

Why bother with decidable cases first?

Some automata/grammar problems turn out not to be decidable at all. 

Seeing what a decidability proof looks like here makes the undecidable 

cases, later, much easier to appreciate.
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1 1 . 2 . 1   ·   G R A M M A R  P R O B L E M S

Decidability of Grammar Problems

Many real questions about programming-language syntax, parsing, and compiling reduce to one of these classic context-free grammar or 

language problems:

1
Emptiness-of-intersection problem
Is the intersection of the languages generated by two grammars empty?

2
Grammar-class-membership problem
For a grammar G and a grammar class C, is G an element of C?

3
Language-class-membership problem
For a grammar G and a class of languages , is the language G generates an element of ?ℒ ℒ

4
Grammatical-similarity-relation problem
For a grammar G, relation ρ, and class C, does some H  C exist with G ρ H?∈
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1 1 . 2 . 2   ·   T H E O R E M  1 1 . 2

A_DFA is Decidable

T H E  L A N G U A G E

A_DFA = { B,w  | B is a DFA that⟨ ⟩

accepts input string w}
“Does B accept w?” becomes “is B,w   A_DFA?”⟨ ⟩ ∈

This is the pattern for every theorem in this section: take a question about 

automata, phrase it as language membership, then exhibit a TM that decides 

that language.

i I N  P L A I N  E N G L I S H

The deciding TM doesn't need any cleverness here — it just plays 
out B's own rules on w, one symbol at a time, exactly the way B 
would if it were running. Simulation is itself an algorithm, and 
since B is a DFA, that simulation is guaranteed to finish.

P R O O F  —  T H E O R E M  1 1 . 2

1 TM M receives B,w , where B is a DFA description and w is a string.⟨ ⟩

2 M simulates B running on w, step by step.

3 If the simulation ends in acceptance, M accepts; otherwise M rejects.

T H E  D E C I D E R ,  V I S U A L LY

B, w⟨ ⟩ Simulate B on w Accept / Reject

Because B is a DFA, the simulation always halts — M is a decider, not just a 
recognizer.
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1 1 . 2 . 2   ·   T H E O R E M  1 1 . 3

Extending the Idea: A_NFA and A_REX

The same reduce-to-what-we-already-solved strategy handles richer input formats — convert first, then reuse the A_DFA decider.

A_NFA — VIA  CONVERSION TO A  DFA

N, w⟨ ⟩ T : NFA→DFA₁ T₂: decide D,w⟨ ⟩

T₁ translates NFA N into an equivalent DFA D; T₂ decides membership of D,w  by ⟨ ⟩
simulating D. If T₂ accepts, so does N.

T H E  L A N G U A G E  A _ R E X

A_REX = { R,w  | R generates string w}⟨ ⟩

i I N  P L A I N  E N G L I S H

Every layer of the pipeline reduces to a case already solved — 
regex to NFA, NFA to DFA, DFA to simulation.

P R O O F  —  T H E O R E M  1 1 . 3 ,  A _ R E X

1 Run P to convert regular expression R into an equivalent NFA A.

2 Feed A, w  to a TM N (the A_NFA decider from above).⟨ ⟩

3 Run N on input A, w .⟨ ⟩

4 If N accepts, then P accepts; otherwise P rejects.
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1 1 . 2 . 2   ·   T H E O R E M  1 1 . 5

E_DFA is Decidable — Emptiness Testing

A different kind of question: not “does B accept this particular string,” but “does B accept anything at all?”

T H E  L A N G U A G E

E_DFA = { A  | A is a DFA and L(A) = }⟨ ⟩ ∅

i I N  P L A I N  E N G L I S H

A DFA accepts some string exactly when you can reach an accept 
state by following edges from the start state — this is nothing 
more than graph reachability. The marking algorithm is the same 
idea used to find connected components in a graph: start at the 
source, spread the mark along edges, and see what lights up. No 
string ever needs to be tried.

P R O O F  —  M A R K I N G  A L G O R I T H M

1 Mark the start state of A.

2 Repeat: mark every state reached by a transition from an already-
marked state.

3 If no accept state ends up marked, accept (L(A) is empty); otherwise 
reject.

WHY THIS  MAT TERS  LATER

E_DFA reappears as a building block inside the very next theorem — testing 

whether two DFAs are equivalent is reduced to an emptiness test.
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1 1 . 2 . 2   ·   T H E O R E M  1 1 . 6

EQ_DFA is Decidable

T H E  L A N G U A G E

EQ_DFA = { A,B  | A, B are DFAs and⟨ ⟩

L(A) = L(B)}

Build a new DFA D that accepts exactly the strings where A and B disagree — 

the symmetric difference of their languages.

L(D) = (L(A) ∩ L(B) )  (L(A)  ∩ L(B))ᶜ ∪ ᶜ

i I N  P L A I N  E N G L I S H

If A and B recognize the same language, no string can ever land in 
exactly one of them, so D accepts nothing at all — and “D accepts 
nothing” is precisely E_DFA from the previous slide. Equality of 
two languages has been reduced to emptiness of a third.

P R O O F  —  T H E O R E M  1 1 . 6

1 Input A, B  to TM F.⟨ ⟩

2 Construct DFA D from A and B via the symmetric-difference formula 
above.

3 Run the E_DFA decider T (Theorem 11.5) on input D.

4 If T accepts (L(D) is empty), F accepts — A and B are equivalent; 
otherwise F rejects.
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1 1 . 2 . 2   ·   E X A M P L E  1 1 . 4

Decidable Languages Are Closed Under  and ∩∪

Given deciders M₁ for L₁ and M₂ for L₂, build a two-tape decider M₃ that decides L₁  L₂ or L₁ ∩ L₂ by running both deciders on independent copies of ∪

the input.

U N I O N :  M ₃  F O R  L ₁   L ₂∪

1 Put input string w on tape-1.

2 Copy w from tape-1 to tape-2 — both tapes now hold w.

3 Run M₁ on tape-1: if it accepts, M₃ accepts; if it rejects, go to step 4.

4 Run M₂ on tape-2: if it accepts, M₃ accepts; if it rejects, M₃ rejects.

I N T E R S E C T I O N :  M ₃  F O R  L ₁  ∩  L ₂

1 Put input string w on tape-1.

2 Copy w to tape-2.

3 Run M₁ on tape-1: if it accepts, go to step 4; if it rejects, M₃ rejects.

4 Run M₂ on tape-2: if it accepts, M₃ accepts; if it rejects, M₃ rejects.

i I N  P L A I N  E N G L I S H

The only difference is one branch: union accepts as soon as either decider says yes; intersection requires both. Since M₁ and M₂ always halt, M₃ 
always halts too — a decider, not just a recognizer. A two-tape TM can always be rebuilt as an equivalent single-tape TM.
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1 1 . 2 . 3   ·   T H E O R E M  1 1 . 7

A_CFG is Decidable

T H E  L A N G U A G E

A_CFG = { G,w  | G is a CFG that generates w}⟨ ⟩

THE NAIVE  APPROACH FAILS

Generating every string G can produce and checking for w never halts if w 

isn't actually generated — this makes G a recognizer, not a decider.

i I N  P L A I N  E N G L I S H

The fix is to bound the search. Chomsky Normal Form guarantees 
that a string of length n, if it can be derived at all, is derived in 
exactly 2n−1 steps — no more, no less. That turns an open-ended 
search into a finite checklist, which is exactly what a decider 
needs.

P R O O F  —  T H E O R E M  1 1 . 7

1 TM S receives G, w , where G is a grammar and w is a string.⟨ ⟩

2 Convert G to an equivalent grammar in Chomsky Normal Form.

3 List every derivation of exactly 2n−1 steps, where n = |w| (n = 0 means 
single-step derivations).

4 If any such derivation generates w, accept; otherwise reject.
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1 1 . 3   ·   D E F I N I T I O N  1 1 . 8

Computable Sets

D E F I N I T I O N  1 1 . 8  —  C O M P U TA B L E  S E T

S   is recursive (computable) if there⊆ℕ

is a total computable f with:

f(x) = 1 if x  S,  f(x) = 0 if x  S∈ ∉
Equivalently: S's indicator function

1_S is computable.

i I N  P L A I N  E N G L I S H

“Computable,” “recursive,” and “decidable” are three names for 
the same idea: an algorithm that always halts and always gives the 
right yes-or-no answer. This is the natural-numbers version of 
exactly the same decidability we've been discussing for languages 
all lecture — the two views are interchangeable, since any finite 
object can be encoded as a natural number.

A HARDER RELATIVE:  SEMIDECI DABLE  SETS

Recursively enumerable (semidecidable) sets relax the requirement: the 

algorithm must correctly say “yes” for members, but for non-members it 

may run forever instead of saying “no.”

Decidable

Halts and answers correctly on every input, yes or no.

Semidecidable

Halts and says “yes” on members; may loop forever on non-members.

Noncomputable

No algorithm gets every answer right — not even with unlimited time.
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1 1 . 3   ·   C O M P U TA B L E  S E T S

Examples of Computable Sets

1
Every finite or co-finite subset of ℕ
Includes the special cases: the empty set, all of , and every “numbers less than n” initial segment.ℕ

2
The set of prime numbers
Primality testing always halts with a correct yes/no.

3
Any recursive subset of a formal language
A recursive language is, by definition, a computable subset of strings.

4
The set of strings that are well-formed programs
Syntax checking is itself a decidable question.

i I N  P L A I N  E N G L I S H

Any finite object — an algorithm, a program, a TM's code — can be encoded as a number, so this list covers far more than it looks.
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1 1 . 3   ·   ≤ ᵀ  A N D  ≡ ᵀ

Turing Reducibility

D E F I N I T I O N S

A ≤  B  (“A is Turing reducible to B”)ᵀ
means a computable procedure can decide

membership in A using B as an oracle.

A ≡  B  means A ≤  B and B ≤  A —ᵀ ᵀ ᵀ
the two sets are Turing equivalent.

i I N  P L A I N  E N G L I S H

An “oracle” is a free, instant answer service for questions about B 
— no need to say how B itself is computed. Being Turing-
equivalent means two problems are exactly as hard as each other, 
since each can be solved using the other as a subroutine. That 
relationship holds regardless of whether either problem is actually 
decidable, which sets up a genuine surprise on the next slide.

THREE  TURING-EQUIVALENT SETS

Pairs (generators, relations) of non-trivial groups

Finite triangulations of simply connected manifolds

The set of programs that halt

E X A M P L E  1 1 . 9  —  T ∞  ( S E T  O F  T M S )  I S  C O M P U TA B L E

1 Check x's format; if it isn't a valid TM encoding, reject immediately.

2 Search T∞ (arranged lexicographically) for x, comparing lengths as you 
go.

3 If x is found in the search, accept.
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1 1 . 3   ·   T H E  L I M I T S  O F  C O M P U TAT I O N

Non-Computable Sets

Not every set is computable. These three are among the most famous examples — and, strikingly, they are exactly the three sets shown Turing-

equivalent on the previous slide.

1
The word problem
The set of set-of-generators, relations  pairs of non-trivial groups is not computable — no algorithm always decides group triviality from a presentation.⟨ ⟩

2
Simply connected manifolds
The set of finite triangulations of simply connected manifolds is not computable.

3
The Halting Problem
The set of programs that halt (rather than run forever) is not computable — the most famous undecidable set of all.

i I N  P L A I N  E N G L I S H

Being Turing-equivalent means these three rise or fall together — but none of them rises: all three are undecidable, together.
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S U M M A R Y

Key Takeaways

1
One extra operation changes everything
Th( ,+) is decidable; adding multiplication alone makes Th( ,+,×) undecidable.ℕ ℕ

2
Reduce to what's already solved
A_NFA reduces to A_DFA, A_REX reduces to A_NFA, EQ_DFA reduces to E_DFA — decidability proofs chain together.

3
Bounding the search makes deciders
A_CFG needed CNF's 2n−1-step bound to turn an infinite search into a finite, decidable one.

4
Decidable, semidecidable, or neither
Every set falls into one of three tiers — and even Turing-equivalent problems can be undecidable together, as with the Halting Problem.
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Thank You
Questions on decidable theories, the decidability proofs, or computable sets?

Prof. K. R. Chowdhary
Professor of CS  ·  Theory of Formal Languages, Lecture 11
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