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LBAs were originally developed as models for actual computers, rather than models of the computational process. They matter in the theory of
computation even though they have not found the range of applications enjoyed by pushdown automata.

1960

Myhill

Introduces the deterministic linear bounded
automaton — an automaton model for real,
finite computer memory.
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1960s

Landweber

Proves that languages accepted by a
deterministic LBA are always context-
sensitive.

1964

Kuroda

Introduces the more general
(nondeterministic) LBA, and shows it accepts
exactly the context-sensitive languages.




Regular Languages Context-Free Languages

A Turing machine can simulate any FA by moving its head only CFLs are recognized by (nondeterministic) pushdown automata.
rightward and never writing on the tape: Two facts place them strictly inside the recursive languages:
5((]1, a) = (q; R) CNF derivations of a string w take at most 2|w| - 1 steps =
L CFG S L_Rec
*  Build M for L and M for the complement; combine into M’ {a"b"c" | n 20 }is recursive but not context-free — the
sow € Morw &€ M always halts. witness that the inclusion is strict

° Both cases halt = regular languages are Recursive.

L_CFG C L _Rec (strictly)

Result: L Reg C L_Rec




Proof idea: any PDA can be simulated by a 2-tape Turing machine.

TAPE1 — INPUT

Holds the input string w undisturbed. The head moves only to the right — never writes. "nn

Pushes and pops symbols at its rightmost cell, based on the current state and the symbol just read from Tape 1.

TAPE 2 — SIMULATED STACK

A nondeterministic 2-tape TM built this way simulates any NPDA, and therefore recognizes every context-free language.
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15.3 LINEAR-BOUNDED AUTOMATA
What Is a Linear Bounded Automaton?

A multi-track Turing machine restricted to a single tape exactly as long as its input — using only the storage it was given at the start of

computation, never more.
Read/Write Head

\4

al az (YY) an

Left-end marker Right-end marker

Working space — bounded by the length of the input string

* Machine cannot overwrite < or >, nor move past them
y H = {t, r} — accept and reject states; for an LBA, halting means accepting

y Space is bounded by k x |w| for a fixed constant k (multiple tracks simulate a single tape)
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M=(Q,%TI,06,s,H — anondeterministic Turing machine

I'=2vu{<,>} Tape alphabet extends the input alphabet with the two end-markers.
| Start configuration \ (s, <x>, 0) — head on the first input symbol; a blank or B follows the right marker.
| Boundary rule \ M can never replace '<' or '>', nor move the head left of '<' or right of '>'.
| H={t,r} \ The halting states: t = accept, r = reject. For an LBA, halting means accepting.
| 0: Q-H) xI'-QxI'x {L,R} \ The transition function — deterministic in Myhill's original sense, nondeterministic in Kuroda's generalization.
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Building an LBA from a context-sensitive grammar G = (V, %, S, P):

Q Tape alphabet Build M with a 2-track tape alphabet: pairs from X x (V U %).

0 Two tracks Track 1 holds the input string w; track 2 holds a sentential form a, starting from the start symbol S.

a Empty check If w = €, M halts without accepting.

a Nondeterministic rewrite Pick a position i in a and a production B = y of G; if B begins at position i, replace it with y. If a grows longer than w, halt
without accepting.

Compare & repeat Compare the new sentential form on track 2 with w on track 1 — accept on a match, otherwise repeat the rewrite step.
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EXAMPLE 15.4

{ ab2c® | n = 0 } Is Context-Sensitive

Production Rules Derivation of w = aabbcc

1. S - abc | aAbc
2. Ab - bA

3. Ac - Bbcc

4, bB - Bb

5. aB - aa | aaA

Each rule satisfies | LHS| = |RHS| — the defining property of a context-
sensitive grammatr.
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Language

Machine

2 (det.)

Regular

Deterministic CFL

Context-Free

Context-Sensitive

Recursively Enumerable

Finite-state automaton

Deterministic PDA

Nondeterministic PDA

Linear Bounded Automaton

Turing Machine

{arb" | n = 1}

{ww | we {ab}*}

{arbrcm | n 2 0}

Any computable function

Regular C Context-Free C Context-Sensitive C Recursively Enumerable



15.4 & 15.6.2 KEY RESULTS

What LBAs Tell Us About Decidability

Finite configurations An LBA's tape length is bounded by the input, so it has at most a(n) = m" x n x Q configurations — a finite number.

Because configurations are finite, every language accepted by an LBA (i.e., every CSL) is decidable, and the LBA

CSLs are decidable Halting Problem is itself decidable.

Every context-sensitive language is recursive — shown by a 3-tape nondeterministic TM that simulates the
grammar's derivation.

The strict hierarchy Regular € Context-Free € Context-Sensitive © Decidable < Recursively Enumerable.

| Theorem 15.6
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