THEORY OF FORMAL LANGUAGES

The Universal Turing Machine

From multi-tape machines to a single machine that can imitate any Turing machine

Lecture 5
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What We'll Cover

Six ideas that build from multi-tape machines to a universal simulator

G Three-Tape Turing Machines a Example: Recognizing Perfect Squares

Why extra tapes help, and what each tape is used for A 3-tape TM that accepts a”(k?)

e Simulating Multi-Tape Machines ° The Universal Turing Machine
Collapsing three tapes onto a single tape with # markers One reprogrammable machine that imitates any TM

6 Encoding a Turing Machine ° The UTM Simulation Cycle
Representing states, symbols and 6 as a binary string How Mu reads, matches and executes each transition of M



Three-Tape Turing Machines

A multi-tape TM splits work across dedicated tapes instead of overloading one

Input Tape

Holds the original input string w, read-only in spirit — the machine compares against it but does not need to change it.

Working Tape

The scratch pad. Progressive results are built up here as the computation proceeds, step by step.

Simulation Tape

Tracks auxiliary values needed for the algorithm — e.g. the running counter used to build the next result on T2.



Example 5.1 — Recognizing Perfect Squares

Construct a 3-tape TM to accept the language {a*| k is a perfect square}

T1 a a a B
T2 a
T3 a

Tape-1 holds the input; Tape-2 builds a*(k?); Tape-3 builds a*, both starting at k = 0.

Core idea

(k+1)% = k* + 2k + 1. So the next perfect square on T2 can be built
from the current one by adding 2xT3 (the current k, doubled) and
then one more a — without recomputing from scratch.

Accept / Reject rule

T2=T1 = accept and halt
[T2] > |T1] = reject and halt

|T2] < |T1] = grow T2, T3 and repeat




Algorithm for the Perfect-Square TM

Executed as a loop until the machine accepts or rejects

Q Initialize a Compare

Set T2 =T3 = € (both empty). Scan T1 against T2 simultaneously.

° Grow T2 e Grow T2 & T3

Append 2xT3 to T2: a*(k*) = a”(k*+2k). Append one more a to both: a”(k*+2k+1) =

a™((k+1)?).

e Decide

If T2 =T1— accept. If [T2]| > |T1| = reject.

6 Repeat

Go back to the Compare step with the new k.



Example 5.2 — One Tape Standing In for Three

A standard (single-tape) TM S can simulate a three-tape TM M by laying its tapes end to end

M's three tapes:

T1 0 1 1 0 B
T2 a a B
T3 a B

S's single tape (concatenated with # separators):

0 1 1 0 # a a a # b a B

# marks where one virtual tape ends and the next begins; S makes repeated passes to read each virtual head, then a second pass to update all three tapes per M's transition.



The Universal Turing Machine

One ordinary Turing machine that can perform every operation any other Turing machine can — no matter how complicated
that machine is.

-
Key idea
The UTM is given a symbolic description of the machine M it must imitate on one part of its tape, keeps a copy of M's tape on another part, and uses
the rest as scratch space to track M's current state and head position.
§
Ordinary TM, as a 6-tuple M=(Q,%T,85,s, H)
4
Q finite set of states I input alphabet Given a standard encoding of M and a string w, the UTM M, simulates
the computation of M on w — accepting, rejecting, or looping exactly as
M would.

I tape alphabet 6 transition function

s start state H set of halting states
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Inside the UTM: Three Tapes, One Control Unit

A multi-tape UTM M, keeps M's description, M's data, and M's state on separate tapes

Description of M (encoded 6) o i, a q; b, R

Tape contents of M (', i.e. w as it's a a b B
modified)

Internal states of M d:

Control Unit of M,

Reads state (T3) + symbol (T2) = looks up matching 6 on T1 = writes new symbol/state, moves
head




The UTM as a Black Box

Feed it a machine's description plus an input, and it reports what that machine would do

Accept — M halts onw

Universal

R(M)-w Turing Machine

(MU)

Loop — M never halts on w

encoded machine + input string

M. is universal because it doesn't just solve one problem — the exact same fixed machine can simulate any TM M, simply by changing the encoded
description R(M) it's given as input.



Representing a Turing Machine as a Binary String

Every state, symbol and direction gets a fixed code over {0,1}; "0" is reserved as a separator

Encoding a transition

0 1 o 1 A transition &(q;, a) = (q;, b, d) is written as five codes separated by single
Os:
1 11 (o} 11
en(qi) 0 en(a) 0 en(qj) 0 en(b) 6 en(d)
B (blank) 111 an in+l Two consecutive Os separate one full transition from the next; three Os mark the start
and end of the whole machine description.
L 1 R 11

Concrete transitions used in the example on the next slide:

5(q0, B)

(a1, B, R) o(q1, 0) = (qo, 0, L)

o(q1, 1) = (92, 1, R) 6(q2, 1) = (qo, 1, L)



Reading an Encoded Transition

6(q1, 1) = (g2, 1, R) encoded piece by piece

11 0 11 0 111 0 11 0 11

ql 0 1 q2

o
(@]
=
o
o)

Concatenated string:

11 0 11 0 111 0 11 0 11 110110111011011

Full description of M (all four transitions, separated by 00, bounded by 000 ... 000):

000 10111601101116011 00 1101016010160 11 0110111011011 060 1110110101101 006




How M, Executes One Step of M

This cycle repeats until a halting state appears on Tape-3

Q Read current configuration

a Search Tape-1 for a match ° Apply the transition

Look at the symbol scanned on Tape-3 and the state Scan the encoded description of M for a transition Found &(q;, a) = (g;, b, d): replace g; with gjon
encoded on Tape-2 — call them a and g. whose first two fields are q; and a. If none exists, M, Tape-2, write b on Tape-3, and move the Tape-3
halts and rejects. head in direction d.

Where each tape stands relative to M

Tape 1 Fixed reference: the encoded transition table of M — read but never modified during simulation.

Tape 2 Rolling pointer: always holds the single state M is currently in — updated after every step.

Tape 3 Live workspace: mirrors M's own tape — read, written, and shifted L/R exactly as M would.




Key Takeaways

G Multi-tape TMs split input, scratch work, and simulation across dedicated tapes — and any k-tape TM can be simulated by a single-tape
TM.

The Universal Turing Machine is one fixed machine that imitates any TM M, given an encoded description R(M) and an input w.

M, simulates M step by step: match the current state + symbol against the encoded & on Tape-1, then update state and tape contents.

e States, symbols and directions are encoded as strings over {0,1}, with 0 as a separator between fields and between transitions.

Next lecture: decidability and the Halting Problem
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